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In this paper we deal with neutron stars, which are described by a perfect fluid model, in the context of the
teleparallel equivalent of general relativity. We use numerical computations (based on the RNS code) to find
the relationship between the angular momentum of the field and the angular momentum of the source. Such
a relation was established for each stable star reached by the numerical computation once the code is fed with
an equation of state, the central energy density and the ratio between polar and equatorial radii. We also find a
regime where linear relation between gravitational angular momentum and moment of inertia (as well as angular
velocity of the fluid) is valid. We give the spatial distribution of the gravitational energy and show that it has a
linear dependence with the squared angular velocity of the source.
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I. INTRODUCTION
Most of the known stars are accurately described by New-
tonian physics. Such compact objects as neutron stars with
masses of the order of one solar mass, by contrast, are not.
The gravitational field of such objects is so strong that only
general relativity is able to explain their properties [1]. Given
that, due to the very nature of Einstein’s equations, analytical
methods are very difficult to implement, most interesting re-
sults come from non-algebraic methods. In particular, to deal
with with rotating neutron stars, one usually resorts to numer-
ical procedures [2, 3].
While the existence of such exotic objects was theoretically
predicted in the 1930’s [4, 5], the first observations took place
in the 1960’s [6–8]. In neutron stars, the mechanism pre-
venting gravitational collapse is a repulsive interaction due to
the quantum nature of the particles in the star, which com-
pensates the gravitational pressure, so that neutron stars exist
in very compact spatial volumes. Neutron stars with masses
are around one solar mass and radii are around 10 Km are
known [9], as are pulsars rotating with periods as low as a
millisecond and very high surface magnetic fields [10, 11].
These very unusual conditions make them perfect candidates
to test any new predictions of a gravitational theory.
We intend to treat rapidly rotating neutron stars from the
viewpoint of teleparallel gravity. From the dynamical point of
view, teleparallel gravity and general relativity make identical
predictions. On the other hand, teleparallel gravity allows for
the definition of physically interesting quantities, such as the
the well-behaved gravitational field energy-momentum and
angular-momentum tensors [12].
In general relativity, the definitions of these quantities are
still under development. The first attempt to define gravita-
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tional energy was based on pseudo-tensors that were not in-
variant under coordinate transformations. This effort was fol-
lowed by the Komar integrals [13] and then by the formalism
known as the ADM formulation [14], which is based on the
(3+1)-dimensional Hamiltonian formulation of general rela-
tivity, an approach using constraints to define energy, momen-
tum and angular momentum. The difficulty with this formal-
ism is that such quantities are only well-defined asymptoti-
cally, at the spatial infinity. In addition, no expression ob-
tained in the realm of general relativity is dependent on the
reference frame—clearly a feature that is undesirable for en-
ergy, momentum, and angular momentum.
The expressions for the energy-momentum and angular mo-
mentum of the gravitational field, in the context of the Telepar-
allelism Equivalent to General Relativity (TEGR), are invari-
ant under transformations of the coordinates of the three-
dimensional spacelike surface. They are also dependent on the
frame of reference, as one would expect. Over the years, they
have been consistently applied to many different systems [15–
19].
The frame dependence is an expected condition for any ex-
pression due to the field since in special relativity the energy of
a particle for a stationary observer is m, but it is γm for an ob-
server under a Lorentz boost, where c = 1 and γ is the Lorentz
factor. There is no reason to abandon this feature when deal-
ing with the gravitational field. Similar considerations apply
to the momentum and angular momentum.
Our goal is to establish a relation between the angular mo-
mentum of the gravitational field, which is only predicted by
the teleparallel theory of gravity, and the angular momentum,
the angular velocity of the source, and the moment of iner-
tia. We hope to identify the significance of the field quantities
when related to matter quantities. In particular, it is known
that in the final stage of the coalescence between two black
holes in a binary system the remnant black hole will acquire
linear momentum [20, 21]. As a matter of fact, the field has to
gain the exact amount needed to cancel it in order to preserve
momentum conservation [22]. This example highlights the
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importance of knowing the relation between field and source.
We also intend to describe the behavior of the energy over the
entire spacetime and to relate it to other features of neutron
stars.
This paper is organized as follows. In Sec. II we briefly
discuss certain ideas in teleparallel gravity. In Sec. III we de-
scribe the space-time of a neutron star and fix the frame that
will be used to compare features only due to the gravitational
field with others due to the source. In Sec. III A we discuss the
field angular momentum and its relation to certain features of
the source. In Sec. III B we relate the gravitational energy to
the angular velocity of the fluid. Plots of the numerical results
are presented to describe the distribution of gravitational en-
ergy in space. Finally, the last section contains our concluding
remarks.
In our notation, space-time indices µ,ν, ... and SO(3,1) in-
dices a,b, ... run from 0 to 3. Time and space indices are in-
dicated as µ = 0, i, a = (0),(i). The metric tensor gµν raises
and lowers space-time indices, while the Minkowski metric,
ηab = diag(−+++), acts on SO(3,1) indices. The tetrad
field is denoted by ea µ, and the determinant of the tetrad field
is represented by e = det(ea µ). Unless otherwise stated, we
adopt units such that G = c = 1.
II. TELEPARALLELISM EQUIVALENT TO GENERAL
RELATIVITY (TEGR)
Teleparallel gravity has been investigated over the years as
an alternative to the theory of general relativity (GR). Such a
theory is entirely equivalent to GR as far as the field equa-
tions are concerned. Both theories are derived from La-
grangians that only differ by a total divergence, and therefore
have the same field equations. The main advantage of TEGR
over GR is allowing us to construct consistent expressions for
energy, momentum, and angular momentum [12]. We will
now present ideas and expressions developed in the realm of
TEGR.
The dynamical variables of TEGR are the tetrad fields de-
fined in the Weitzenbo¨ck space-time, also known as the Cartan
space-time. In the Riemann space-time the dynamics is given
by the metric tensor. The tetrad field and metric tensor are
related by the equalities
gµν = eaµea ν. (1)
Therefore, for each metric tensor one can define infinitely
many tetrads. It follows that the Weitzenbo¨ck geometry is
less restrictive than Riemann geometry. The arbitrariness in
the choice of the tetrad field is only apparent, since it can be
entirely determined by one more physical condition, namely
the observer’s reference frame.
As a matter of fact the Weitzenbo¨ck and Riemann geome-
tries are intrinsically related. Consider first the Cartan connec-
tion [24], Γµλν = ea µ∂λeaν, defined in the Weitzenbo¨ck space-
time. We can equally well write it as
Γµλν = 0Γµλν +Kµλν , (2)
where the 0Γµλν are the Christoffel symbols, and Kµλν is given
by
Kµλν =
1
2
(Tλµν +Tνλµ +Tµλν) . (3)
Kµλν is the contortion tensor defined in terms of the torsion
tensor Tµλν, which is derived from Γµλν. Indeed we have
T a λν = ∂λea ν− ∂νea λ . (4)
The tetrad field transforms Lorentz indices into space-time
ones and vice-versa, thus Tµλν = eaµT a λν.
The curvature of Cartan space-time vanishes identically, as
it follows from substituting Γµλν in Eq. (2), which yields the
following identity
eR(e)≡−e(1
4
T abcTabc +
1
2
T abcTbac−T aTa)+ 2∂µ(eT µ) ,
(5)
where T µ = T b b µ, and R(e) is the Riemannian scalar curva-
ture constructed out of the tetrad field.
The density lagrangian of General Relativity (GR), which
leaves the field equations invariant under coordinate transfor-
mations, is precisely the left hand-side of Eq. (5). Given that
any divergence term in a lagrangian density makes no con-
tribution to the field equations, we drop out the last term on
the right-hand side of Eq. (5) and define the Teleparallel La-
grangian density as
L(eaµ) =−κe(
1
4
T abcTabc +
1
2
T abcTbac−T aTa)−LM
≡−κeΣabcTabc−LM , (6)
where κ = 1/(16pi), LM is the Lagrangian density of matter
fields, and Σabc is defined by the equality
Σabc =
1
4
(T abc +Tbac−T cab)+ 1
2
(ηacT b−ηabT c) , (7)
with T a = ea µT µ.
The equivalence between TEGR and GR is now easily un-
derstood. Since the they have the same lagrangian density, the
two theories yield the same dynamics. This does not mean that
they predictions are identical. For instance, there is no quan-
tity equivalent to the gravitational energy-momentum vector,
which will be defined below, in the realm of General Relativ-
ity. In fact every attempt to define the gravitational energy in
the context of GR, from Einstein’s equations, has failed. This
approach has only lead to pseudo-tensors in GR.
The field equations can be obtained from the variational dif-
ferentiation of the Lagrangian density with respect to eaµ. Af-
ter a few algebraic manipulations the resulting equality reads
eaλebµ∂ν(eΣbλν)− e(Σbν aTbνµ−
1
4eaµTbcdΣ
bcd) =
1
4κeTaµ ,(8)
where Taµ = ea λTµλ = 1e
δLM
δeaµ is the energy-momentum tensor
of the matter fields.
Explicit calculations show that Eq. (8) is equivalent to the
Einstein equations [25].
Ulhoa and Rocha 3
The field equations can be rewritten as
∂ν(eΣaλν) =
1
4κ
eea µ(tλµ +T λµ) , (9)
where tλµ is defined by the relation
tλµ = κ(4ΣbcλTbc µ− gλµΣbcdTbcd) . (10)
Σaλν is a skew-symmetric tensor in the last two indices.
This symmetry leads to the following local conservation law
∂λ(etaλ + eT aλ) = 0 (11)
from which it is possible to write down the continuity equation
d
dt
∫
V
d3xeea µ(t0µ +T0µ) =−
∮
S
dS j
[
eea µ(t jµ +T jµ)
]
.
We therefore interpret tλµ as the energy-momentum ten-
sor of the gravitational field [26]. With this concept in mind
we can define the total energy-momentum vector in a three-
dimensional spatial volume V in a familiar way, as
Pa =
∫
V
d3xeea µ(t0µ +T 0µ) . (12)
The above-defined energy-momentum vector is frame de-
pendent and independent of the choice of coordinates. In or-
der to analyze the features of gravitational field it is therefore
mandatory to set up the reference frame first. There are count-
less tetrad fields that match a given metric tensor. In other
words, the same physical system can be seen under the optics
of as many observers as desired.
In the Hamiltonian formulation of TEGR the constraint
equations are interpreted as energy, momentum and angular
momentum equations for the gravitational field [27]. The 4-
angular momentum of the gravitational field can be shown to
have the expression
Lab = 4k
∫
V
d3x e(Σa0b−Σb0a) . (13)
The Pa and Lab obey the algebra of the Poincar group [28].
The above definition, like Eq. (12), is coordinate independent
and changes with the observer.
Although obtained in a Hamiltonian formulation, Eq. (13)
is readily interpretable. The angular momentum is, of course,
the vector product between the momentum and coordinate.
Since the tetrad fields are the dynamical variables, it is pos-
sible to understand the meaning of Eq. (11) from the perspec-
tive of the lagrangian formalism. The tetrad fields play the
role of coordinates, when contracted with the total energy-
momentum tensor, yields the above equation.
As explained before, the choice of the tetrad field is not
random. It is in fact intimatelly linked to the frame observer.
For a given metric tensor, an infinity of possible frames exists,
each of which completely characterized by the tetrad field.
In order to fix the kinematical state of the observer in the
three-dimensional space, we have to specify six components
of the tetrad field, the other ten components being related to
the metric tensor. To this end, we consider the acceleration
tensor [29, 30]
φab = 12 [T(0)ab +Ta(0)b−Tb(0)a] , (14)
here written in terms of the torsion tensor.
Given a set of tetrad fields, the translational acceleration of
the frame along a world-line C then follows from φ(0) (i), and
the angular velocity, from φ(i)( j). Consequently, the acceler-
ation tensor is a suitable candidate to geometrically describe
an observer in space-time. It does not contain any dynamical
features dependent on field equations and has been tested for
teleparallel gravity in many situations [31–33].
III. THE SPACE-TIME OF A ROTATING NEUTRON STAR
The most general form of the metric tensor describing the
space-time generated by a configuration with axial symmetry
is represented by the line element [34]
ds2 = g00dt2 +g11dr2 +g22dθ2 +g33dφ2 +2g03dφdt , (15)
where all metric components depend on r and θ: gµν =
gµν(r,θ). If g denotes the determinant of the metric tensor,
we have that
√−g = [g11g22(g03g03− g00g33)]1/2.
For a rotating neutron star, with arbitrary angular velocity
about the z-axis, we have the following components of the
metric [35, 36]:
g00 =−exp(γ+ρ)+ r2ω2 sin2 θexp(γ−ρ) ,
g03 =−ωr2 sin2 θexp(γ−ρ),
g11 = exp2α ,
g22 = r2 exp2α ,
g33 = r2 sin2 θexp(γ−ρ) . (16)
Here α, γ, ρ and ω are metric potentials, which are functions
of r and θ. The matter inside the neutron star being described
by a perfect fluid, thus the energy-momentum tensor has the
form
T µν = (ε+ p)UµUν + pgµν , (17)
where ε, p and Uµ are the energy density, the pressure and the
fluid four-velocity field, respectively [35]. Our assumption of
axial symmetry makes Uµ proportional to the time and angu-
lar Killing vectors. Therefore, Uµ ∝ (1,0,0,Ω), where Ω is
the angular velocity of the fluid, measured at infinity. In this
model, to define the metric components in Eq. (16), we have
to specify an Equation of State (EOS) [37] relating the energy
density to the pressure and the angular velocity of the fluid.
In order to analyze an axi-symmetrical spacetime within
TEGR, we choose a stationary observer, who has to satisfy
φab = 0. Adapted to this frame, the tetrad field reads
eaµ =


−A 0 0 −C
0 √g11 sinθcosφ √g22 cosθcosφ −Dr sinθsinφ
0 √g11 sinθsinφ √g22 cosθsinφ Dr sinθcosφ
0 √g11 cosθ −
√g22 sinθ 0

 .
(18)
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The functions A,C and D are given by the equalities
A = (−g00)1/2 ,
C =− g03
(−g00)1/2
,
D =
[ −δ
(r2 sin2 θ)g00
]1/2
, (19)
while δ is defined by the relation δ = g03g03− g00g33.
We use a numerical method to solve the Einstein equa-
tions producing the metric tensor. Our purpose is to es-
tablish a relation between the features of the gravitational
field, such as its angular momentum, and some experimen-
tally measurable intrinsic attribute of the neutron star, such
as the moment of inertia. Over the years, a convenient nu-
merical method has been developed [38], improved [39, 40]
and modified [41–45]. We use the RNS code, available
at http://www.gravity.phys.uwm.edu/rns/, here modi-
fied to deal with such teleparallel quantities as the energy-
momentum vector and gravitational angular momentum. Our
calculations use the non-dimensional quantities listed in
Eqs. (4)-(13) of Ref. 39 and references therein. Here, how-
ever we use
√
K, with K = c4/Gεc, as the fundamental length
scale of the system, instead of K′N/2, where K′ is the poly-
tropic constant, and N is related to the adiabatic index, which
would be more suitable to deal with polytropic stars,. This as-
sumes the matter to have no meridional motion, and the angu-
lar velocity Ω, as seen by an observer at rest at spatial infinity,
to be constant.
The program uses compact coordinates, µ and s, defined by
the equality
µ = cosθ , r = Re
(
s
1− s
)
, (20)
where Re is r at the equator of the star. Thus s = 0.5 repre-
sents a point on the equatorial surface of the star, while s = 1
represents spatial infinity.
Figure 1 depicts an illustrative example of the output of the
code. We have chosen the central energy εc/c2 = 1015g/cm3
and adopted the equation of state in Ref. 46, here denoted by
the acronym EOSA (dense neutron matter). The metric com-
ponents indicated in the figure recover the Minkowski space-
time in spherical coordinates at spatial infinity.
The angular momentum and energy-momentum of the
gravitational field will be discussed in the following sections.
A. The Gravitational Angular Momentum of Neutron Stars
This section uses the results developed in Ref. 47. Equa-
tion (40) of that paper, which relates the z-component of the
gravitational angular momentum to the metric, reads
L(1)(2) =−2k
∮
S→∞
dθdφ
(
g03
√g22 sinθ√−g00
)
. (21)
Equation (21) describes an axi-symmetrical spacetime,
only the z-component of the angular momentum being
FIG. 1. Example of the metric behavior for µ= 0, using EOSA. Here
G00 = g00, G11 = g11, G22 = g22, G33 = g33 and G03 = g03 .10−3.
nonzero, and the analysis was restricted to slowly, rigidly ro-
tating neutron stars. Under these conditions, the angular mo-
mentum of the field was found to be proportional to the (very
small) angular momentum of the source. Given that these con-
ditions are unrealistic, we now want to study rapidly rotating
stars in more complex configurations with a view to deter-
mining how the field angular momentum depends on source
features. We will use the shorthand L for L(1)(2), which will
be dimensionless, unless otherwise stated. To transform back
to the MKS system, all we have to do is to let L → c3KG L,
where K is the fundamental length scale used in the numerical
simulation.
We now have a computational tool to simulate rapidly rotat-
ing neutron stars and are able to investigate the behavior of the
gravitational angular momentum. We will consider conditions
that are more general than those in Ref. 47.
Figure 2 shows L as a function of s. The ratio between
the polar and equatorial radii is 0.6. The curves peak approxi-
mately at the surface of the star, then decay smoothly as s→ 1,
a behavior in agreement with physical intuition, since we ex-
pect L to be maximum near the surface of the star.
The ratio between the polar radius (Rp) and the equatorial
radius (Re) defines the shape of the star. The larger this ratio,
the smaller the gravitational angular momentum should be,
since a unitary ratio, the highest possible value, corresponds
to a spherical, static star. Figure 3 shows L as a function of
the ratio Rp/Re. The plots for EOSB, EOSC and EOSFPS
are nearly coincident. In the intermediate regime, with Rp/Re
neither too small nor too close to unity, L is nearly linearly
related to Rp/Re.
We are also interested in comparing the dependences of the
field (L) and source (J) on the ratio Rp/Re. We hence plot
L/J as a function of Rp/Re in Fig. 4. Again the curves for
EOSB, EOSC and EOSFPS are superimposed, a feature also
found in Figs. 5 and 6. Figure 4 shows that in rapidly rotating
neutron stars the gravitational angular momentum is compara-
ble to the angular momentum of the source. The gravitational
Ulhoa and Rocha 5
0 0.2 0.4 0.6 0.8 1
s
0
0.001
0.002
0.003
0.004
L
EOSA
EOSB
EOSBBB1
EOSC
EOSFPS
FIG. 2. Spatial distributions of the gravitational angular mo-
mentum for the indicated equations of state. The central energy
is εc/c2 = 1015g/cm3 and the equations of state are as follows:
EOSA [46] (dense neutron matter), EOSB [48] (hyperonic mat-
ter), EOSBBB1 [49] (asymmetric nuclear matter, derived from the
Brueckner-Bethe-Goldstone many-body theory), EOSC [50] (dense
hyperonic matter) and EOSFPS [51] (neutron matter for an improved
nuclear Hamiltonian).
0.5 0.6 0.7 0.8 0.9 1
Rp/Re
0
0.0005
0.001
0.0015
0.002
0.0025
0.003
L
EOSA
EOSB
EOSBBB1
EOSC
EOSFPS
FIG. 3. Gravitational angular momentum as a function of the ratio
between the polar and equatorial radii. The legend follows the con-
vention of Fig. 2
field can therefore be detected, since the angular momentum
of the source is experimentally accessible. We have found
that the ratio L/J is proportional to the inverse of Rp/Re. For
a given stable star, L is therefore proportional to Re/RpJ.
Our computations make no reference to binary systems.
Nonetheless, the conclusion that L and J have comparable
magnitudes shows that the apparent non-conservation of an-
gular momentum in such systems is not necessarily linked to
the intensity of the emitted gravitational waves. While beyond
the scope of this paper, additional investigation along this line
of reasoning seems undoubtedly interesting.
Figures (5) and (6) present numerical results for the depen-
dence of L on two other parameters of the star, the moment of
inertia and the angular velocity of the fluid, respectively. Fig-
0.5 0.6 0.7 0.8 0.9 1
Rp/Re
0
0.05
0.1
0.15
0.2
0.25
L/
J
EOSA
EOSB
EOSBBB1
EOSC
EOSFPS
FIG. 4. Ratio between the gravitational angular momentum and the
angular momentum of the source at the spatial infinity as a function
of the ratio between the polar and equatorial radii. The legend fol-
lows the convention of Fig. 2.
ure 5 shows that the gravitational angular momentum grows
linearly with the moment of inertia, except at the edges of
the figure. This is what we expect on intuitive grounds. The
edges are non-linear because they depict regions where I is
maximally dependent on Ω.
0 100 200 300 400 500
I
0
0.0005
0.001
0.0015
0.002
0.0025
0.003
L
EOSA
EOSB
EOSBBB1
EOSC
EOSFPS
FIG. 5. Gravitational angular momentum as a function of the mo-
ment of inertia. The legend follows the convention of Fig. 2
In Fig. 6, by contrast, the relation between the gravitational
angular momentum and the angular velocity of the fluid is
non-linear. This is also reasonable, since the angular momen-
tum varies as the angular velocity of the source grows, because
the rotation is not rigid.
B. The Energy-Momentum Vector of Neutron Stars
For completeness, we now present numerical results for the
energy and momentum. Given that the metric is stationary,
it is reasonable to expect no energy flux. Even if there is an
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FIG. 6. Gravitational angular momentum as a function of the angular
velocity of the fluid. The legend follows the convention of Fig. 2
initial flux, the star will emit gravitational waves until stability
is reached, at which point our method becomes trustworthy.
The combination of the tetrad field in Eq. (18) with Eq. (7)
leads, after some algebraic manipulation, to the result
4eΣ(0)01 = 1√
(−g00δ)g22g11
[
2g11g22δ− δ
(∂g22
∂r
)
·
· √g22g11− (g22)3/2
√
g11 g03
(∂g03
∂r
)
+
+ 2
√−g00 (g22)3/2
√
δg11 sinθ+
+ g00 (g22)3/2
√
g11
(∂g33
∂r
)]
. (22)
Next, on the basis of Eq. (12), we examine the energy as a
function of s. We work with dimensionless quantities and let
E denote P(0). To recover the energy from the dimensionless
variable, we let E → (c4
√
K/G)E , where
√
K is the funda-
mental length scale.
First, a simple check on the code. Figure 7 shows the total energy, i. e., the energy in a hyper-surface of infinite radius, as a
function of the mass. Although straight over a large fraction of the displayed range, the solid lines in the first five panels bend up-
or downwards at the highest masses. That the curvatures signal the breakdown of the nonrelativistic equations of state is shown
by the rectilinear plot in the last panel of Fig. 7, which contrasts with the other panels because the EOS in Ref. [52] includes
relativistic corrections.
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FIG. 7. Gravitational energy as a function of the total mass at the spatial infinity. In this figure m = 1011 M, where M is the total mass of the
star. The last panel, labeled EOSAPR, has been constructed from the equation of state in Ref. [52], whci includes relativistic corrections.
Figure (8) shows the ratio between the energy and mass as
a function of s. For each equation of state, E/M rises up to
the surface of the star and then decreases towards a constant
as s→ 1, showing that the energy at infinity is proportional to
the mass—a conclusion that cannot be directly inferred from
Fig. 7. The slow decay beyond s ≈ 0.45 shows that the rota-
tional energy is very small.
Fig. 9 shows the gravitational energy as a function of the
squared angular velocity of the source for each of the indi-
cated equations of state. As the angular velocity grows, the
initially straight plots bend downards. While, as already ex-
plained, the deviations from linearity in Fig. 7 reflect the inac-
curacy of the non-relativistic equations of state, those in Fig. 9
have physical origin: they indicate that the moment of inertia,
which relates the energy of the field to the angular velocity,
depends on the angular velocity of the fluid.
We have also computed the momentum of the gravitational
field, using the spatial indices in Eq. (12). The relevant com-
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FIG. 8. Spatial distribution of the ratio between the gravitational
energy and the total mass. The legend follows the convention of
Fig. 2
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FIG. 9. Gravitational energy as a function of the squared angular
velocity of the source. The legend follows the convention of Fig. 2
ponents are
4eΣ(1)01
sinφ =

g03
(
2g22g11 −
(
∂g22
∂r
)√g22 g11
)
− (g22)3/2
√g11
(
∂g03
∂r
)
√−g00g22g11

 ,
(23)
4eΣ(2)01
cosφ =

g03
(
−2g22g11 +
(
∂g22
∂r
)√g22 g11
)
+(g22)3/2
√g11
(
∂g03
∂r
)
√−g00g22g11

 ,
(24)
and Σ(3)01 = 0.
The momentum is therefore zero, a result that can only
be mathematically understood if we recall that the right-hand
side of Eq. (12) has been integrated over the coordinate φ.
Physically, we expect the rotating star to transfer no momen-
tum to the field.
IV. CONCLUSION
We have analyzed the physics of neutron stars from the point
of view of teleparallel gravity. We have determined the energy
and angular momentum as functions of the compact spatial
coordinate. In particular, we have computed the ratio between
the field and source angular momenta. For rapidly rotating
neutron stars the magnitudes of the two angular momenta are
comparable. Figure 6 showed that, as expected, the ratio van-
ishes in the limit of slow rotations. As shown by Fig. 6, at
high angular velocities the field angular momentum ceases to
be proportional to the source angular momentum, an indica-
tion that the moment of inertia has become strongly dependent
on the angular velocity of the field.
We have calculated the ratio between the gravitational en-
ergy and the mass as a function of the compact coordinate
s. This ratio is maximized near the surface of the star. Be-
yond the surface, it decays to a constant at infinity, a value
that is weakly dependent on the equation of state. We are
lead to conclude that, as one would expect, each type of neu-
tron star is characterized by a universal linear relation between
the gravitational energy and mass at spatial infinity. Although
we have found small deviations from linearity for sufficiently
large masses, the comparison in Fig. 7 has linked those devia-
tions to inaccuracies in the non-relativistic equations of state.
Acknowledgement
We thank prof. Sharon Morsink (University of Alberta) for
valuable discussions that led to the development of this work.
We also thank prof. Faqir Khanna (University of Alberta) for
his support and welcome during our visit at U of A. We thank
Theoretical Physics Institute for partial financial support. One
of the authors, P.M.M.R., is also grateful to CAPES for finan-
cial support.
[1] A. Burrows and J. M. Lattimer. The birth of neutron stars. The
Astrophysical Journal, 307:178–196, August 1986.
[2] Masaru Shibata, Thomas W. Baumgarte, and Stuart L. Shapiro.
The bar-mode instability in differentially rotating neutron stars:
Simulations in full general relativity. The Astrophysical Jour-
nal, 542(1):453, 2000.
[3] V. S. Geroyannis and A. G. Katelouzos. Numerical treatment of
hartle’s perturbation method for differentially rotating neutron
stars simulated by general-relativistic polytropic models. Inter-
national Journal of Modern Physics C, 19:1863–1908, 2008.
[4] Richard C. Tolman. Static solutions of einstein’s field equations
for spheres of fluid. Phys. Rev., 55:364–373, Feb 1939.
[5] J. R. Oppenheimer and G. M. Volkoff. On massive neutron
cores. Phys. Rev., 55:374–381, Feb 1939.
Ulhoa and Rocha 9
[6] F. Pacini. Energy Emission from a Neutron Star. Nature,
216:567–568, November 1967.
[7] T. Gold. Rotating Neutron Stars as the Origin of the Pulsating
Radio Sources. Nature, 218:731–732, May 1968.
[8] A. Hewish, S. J. Bell, J. D. H. Pilkington, P. F. Scott, and R. A.
Collins. Observation of a Rapidly Pulsating Radio Source. Na-
ture, 217:709–713, February 1968.
[9] Andre´ Maeder and Georges Meynet. Rotating massive stars:
From first stars to gamma ray bursts. Rev. Mod. Phys., 84:25–
63, Jan 2012.
[10] V. V. Usov. Millisecond pulsars with extremely strong magnetic
fields as a cosmological source of gamma-ray bursts. Nature,
357:472–474, June 1992.
[11] K. S. Thorne. Nonradial Pulsation of General-Relativistic Stel-
lar Models. III. Analytic and Numerical Results for Neutron
Stars. The Astrophysical Journal, 158:1, October 1969.
[12] J.W. Maluf, J.F. da Rocha-Neto, T.M.L. Toribio, and K.H.
Castello-Branco. Energy and angular momentum of the gravita-
tional field in the teleparallel geometry. Phys.Rev., D65:124001,
2002.
[13] Arthur Komar. Covariant conservation laws in general relativ-
ity. Phys. Rev., 113(3):934–936, Feb 1959.
[14] R. Arnowitt, S. Deser, and C.W. Misner. The dynamics of gen-
eral relativity. In L. Witten, editor, Gravitation: An Introduction
to Current Research, pages 227–265. Wiley, New York, U.S.A.,
1962.
[15] J. W. Maluf and J.F.. daRocha Neto. Hamiltonian formulation
of general relativity in the teleparallel geometry. Phys. Rev. D,
64(8):084014, Sep 2001.
[16] J.W. Maluf and S.C. Ulhoa. The Energy-momentum of plane-
fronted gravitational waves in the teleparallel equivalent of GR.
Phys.Rev., D78:047502, 2008.
[17] J.W. Maluf, M.V.O. Veiga, and J.F. da Rocha-Neto. Regularized
expression for the gravitational energy-momentum in telepar-
allel gravity and the principle of equivalence. Gen.Rel.Grav.,
39:227–240, 2007.
[18] J.F. da Rocha Neto, J.W. Maluf, and S.C. Ulhoa. Hamiltonian
formulation of unimodular gravity in the teleparallel geometry.
Phys.Rev., D82:124035, 2010.
[19] S.C. Ulhoa, J.F da Rocha Neto, and J.W. Maluf. The Gravita-
tional Energy Problem for Cosmological Models in Teleparallel
Gravity. Int.J.Mod.Phys., D19:1925–1935, 2010.
[20] Frans Pretorius. Binary Black Hole Coalescence. arXiv:
0710.1338, 2007.
[21] Manuela Campanelli, Carlos Lousto, Yosef Zlochower, and
David Merritt. Large merger recoils and spin flips from
generic black hole binaries. The Astrophysical Journal Letters,
659(1):L5, 2007.
[22] J.W. Maluf, S.C. Ulhoa, and J.F. da Rocha-Neto. Gravitational
energy-momentum flow in binary systems. arXiv: 1201.6392,
2012.
[23] A. Einstein. Unified field theory based on riemannian metrics
and distant parallelism. Math. Annal., 102:685–697, 1930.
[24] E. Cartan. On a Generalization of the Notion of Reimann Cur-
vature and Spaces with Torsion. In P. G. Bergmann and V. de
Sabbata, editors, NATO ASIB Proc. 58: Cosmology and Grav-
itation: Spin, Torsion, Rotation, and Supergravity, pages 489–
491, 1980.
[25] Jose W. Maluf. Hamiltonian formulation of the teleparallel de-
scription of general relativity. Journal of Mathematical Physics,
35(1):335–343, 1994.
[26] J. W. Maluf. The gravitational energy-momentum tensor and
the gravitational pressure. Annalen Phys., 14:723–732, 2005.
[27] J.W. Maluf, S.C. Ulhoa, F.F. Faria, and J.F. da Rocha-Neto. The
Angular momentum of the gravitational field and the Poincare
group. Class.Quant.Grav., 23:6245–6256, 2006.
[28] J. W. Maluf, S. C. Ulhoa, F. F. Faria, and J.F.. daRocha
Neto. The angular momentum of the gravitational field and the
poincare´ group. Classical and Quantum Gravity, 23(22):6245–
6256, 2006.
[29] Bahram Mashhoon. The hypothesis of locality in relativistic
physics. Physics Letters A, 145(4):147 – 153, 1990.
[30] Bahram Mashhoon. Limitations of spacetime measurements.
Physics Letters A, 143(4-5):176 – 182, 1990.
[31] J.W. Maluf, F.F. Faria, and S.C. Ulhoa. On reference frames
in spacetime and gravitational energy in freely falling frames.
Class.Quant.Grav., 24:2743–2754, 2007.
[32] J.W. Maluf, S.C. Ulhoa, and F.F. Faria. The Pound-
Rebka experiment and torsion in the Schwarzschild spacetime.
Phys.Rev., D80:044036, 2009.
[33] S.C. Ulhoa. On dark energy and accelerated reference frames.
Annalen der Physik, pages n/a–n/a, 2012.
[34] H. Stephani. An Introduction to Special and General Relativity.
Cambridge University Press, Cambrige, 3rd edition, 2004.
[35] Ray d’Inverno. Introducing Einstein’s Relativity. Clarendon
Press, Oxford, 4th edition, 1996.
[36] S. Weinberg. Gravitation and Cosmology: Principles and Ap-
plications of the General Theory of Relativity. John and Wiley
& Sons, Inc., 1972.
[37] L. Ferrari, P. C. R. Rossi, and M. Malheiro. a Polytropic
Approach to Neutron Stars. International Journal of Modern
Physics D, 19:1569–1574, 2010.
[38] H. Komatsu, Y. Eriguchi, and I. Hachisu. Rapidly rotating gen-
eral relativistic stars. I - Numerical method and its application
to uniformly rotating polytropes. Monthly Notices of the Royal
Astronomical Society, 237:355–379, March 1989.
[39] G. B. Cook, S. L. Shapiro, and S. A. Teukolsky. Rapidly rotat-
ing polytropes in general relativity. The Astrophysical Journal,
422:227–242, February 1994.
[40] S. L. Shapiro and S. A. Teukolsky. Black holes, white dwarfs,
and neutron stars: The physics of compact objects. 1983.
[41] Nikolaos Stergioulas and John.L. Friedman. Comparing models
of rapidly rotating relativistic stars constructed by two numeri-
cal methods. Astrophys.J., 444:306, 1995.
[42] T. Nozawa, N. Stergioulas, E. Gourgoulhon, and Y. Eriguchi.
Construction of highly accurate models of rotating neutron
stars: Comparison of three different numerical schemes. As-
tron.Astrophys.Suppl.Ser., 132:431, 1998.
[43] Lee Lindblom, Benjamin J. Owen, and Sharon M. Morsink.
Gravitational radiation instability in hot young neutron stars.
Phys. Rev. Lett., 80:4843–4846, Jun 1998.
[44] John L. Friedman and Sharon M. Morsink. Axial instabil-
ity of rotating relativistic stars. The Astrophysical Journal,
502(2):714, 1998.
[45] Phil Arras, Eanna E. Flanagan, Sharon M. Morsink, A. Katrin
Schenk, Saul A. Teukolsky, and Ira Wasserman. Saturation of
the r-mode instability. The Astrophysical Journal, 591(2):1129,
2003.
[46] V.R. Pandharipande. Dense neutron matter with realistic inter-
actions. Nuclear Physics A, 174(3):641 – 656, 1971.
[47] J.W. Maluf and S.C. Ulhoa. On the gravitational angular mo-
mentum of rotating sources. Gen.Rel.Grav., 41:1233–1247,
2009.
[48] V. R. Pandharipande. Hyperonic matter. Nuclear Physics A,
178:123–144, December 1971.
[49] M. Baldo, I. Bombaci, and G. F. Burgio. Microscopic nu-
clear equation of state with three-body forces and neutron star
structure. Astronomy & Astrophysics, 328:274–282, December
Ulhoa and Rocha 10
1997.
[50] H.A. Bethe and M.B. Johnson. Dense baryon matter calcula-
tions with realistic potentials. Nuclear Physics A, 230(1):1 –
58, 1974.
[51] C. P. Lorenz, D. G. Ravenhall, and C. J. Pethick. Neutron star
crusts. Phys. Rev. Lett., 70:379–382, Jan 1993.
[52] A. Akmal, V. R. Pandharipande, and D. G. Ravenhall. Equation
of state of nucleon matter and neutron star structure. Phys. Rev.
C, 58:1804–1828, Sep 1998.
